3.1 The need for complex numbers

f(z)=z"-4z+5=0
i

—=>z= Z:I:T:» 2++—1 no real solutions

=xor =247

define complex number z =x +iy,and i=+-1

the real part x is denoted by Re(z)
the imaginary part y is denoted by Im(z)

z=Xx+iy canbe written z=(x,y)

3.2 Manipulation of complex numbers

@ addition and subtraction
1+, = (xl . x xz)"’i(.}ﬁ + J"z)
Zy— 2, =(x, —x,)+i(y, — y,)



e modulus and argument A

z|=+/x% +y° the modulus of z J (ol

@ =argz=tan'(y/x) the argument of z |z|
Ex: z=2-3i { 4 5 >
argz X Rez

z|=2% +(-3)* =13
argz =tan"'(=3/2)

e multiplication

212, = (X 1y, ) (X, +1y,) = (X X, = 3,7,) +i(x, Y, + Y, X,)

2.0 =52

(2,23 )25 = 2(2:%5)

2,2,| = [z 2,

arg(z,z,)=argz, +argz,

® special points +1,+i

arg(1)=0 arg(-1)=7z arg(i)=xn/2 arg(—i)=3x/2



e complex conjugate

z2=x+iy=>7 =x—iy ¥y

22" = (x+iy)(x—iy)=x*+y* =[¢

Z 1is a reflection of 2 in the real axis

e properties of complex conjugate

# * *
(z;%+z;) =z, +z, z) =z

(5122)* = ZI‘Z; Z+Z‘ =2Rez=2x
(z,/2,) =2, 1z,  z-z"=2ilmz=_2iy
21| _ H arg(z—‘) =argz, —argz,
Z,| |z, Z,




3.3 Polar representation of complex numbers

e complex exponential function
2 3 n

z .z Z
i — S
e"=exp(z)=1+2z+ 2 + 3 o i o

ﬁ ezlez; =eZ[+Eg

for z=i@, @ isreal
& ié’

eia - ]. + ie_ T + LT Ty
2! 3!
> @ . o &
- ]._ '__"'+_'+ ittittltili+!(9__"+_+ --u-u)
2! 4 3}y S oy
- s <
=cos@+isiné Euler’s equation A
. i@
; . S *Z=re
= "’ =cos(n@)+isin(nd) |
' !
g . . . i
re” =r(cos@+isinf)=x +i :
P e=l |
=z=re’ =>r=|7|= @=argz x  Bas
7= reiﬂ - ref[ﬂ+2mr}




e multiplication and division in polar form

6, &

i i
z,=re”" and 2z,=re

i il _ i(6,+6,)
2,2, =He ‘e =rre "

= |22, = 242, <— multiplication
= arg(z,z,)=argz, +argz,

&

zl 'rlf'll

_h o' (6-6:)
. i
S

a4, ¥,

- division

<

= arg(z,/z,)=argz, —argz,

3.4 de Moivre’s theorem

(efﬂ' )H = efn‘ﬂ

= (cos@ +isind)" =cosnf+isinné
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Ex. 1: Express cos38 and sin3@ in terms of powers of cos@ and siné

cos30+isin3f = (cosf +isinf)’

= (cos’ @—3cosfsin’ 8)+i(3sinfcos’ @ —sin’ H)
= ¢0536 = cos’ @—3cosfsin’ @ =4cos’ @ —3cosb
= sin36 = 3sinfcos’ @ —sin’ @ = 3sin@ —4sin’ §

Ex. 2:
7"+ lﬂ =e™ + e = (cosn@+isinn@)+ (cosnf—isinnd)
Z
=2cosné
z" —Ln=2isinn9
z

@ find the nth roots of unity

" =1=¢'%* Kisan integer
— L i2kmin s i2x/n i2in=1)x/n
=>z=e = Zisa.n=be " s, €



Ex.: Find the solutions to the equation z° =1 Imz
i2km/3

L=¢€ A

=>zl=em=1 Z, =€

=z, = =-1/2+iJ3/2

=z, =e""* ==1/2-i/3/2

Ex.: The three rootsof z° =1 are 1 4, ? z, = '
>w =1 and 1+o+0* =0

Proof:

i2nl/3

w=e : m! =€I4Ef3 — —i2mi3

e

Sl+o+o’ =1+ +e ™ =14+2cos2n/3)=0



Ex: Solve the polynomial equation

fR)=2°-7"+4z* -6 +2z*-8z+8=0

try z=1= f(z=1)=0=>z=1 is a root
= (z°+4z° -22" -8)(z-1) =0
=z -2)Z*+Hz-1D)=0
(1) 22 =2=2¢%% k=012,..
7= leSEEZkﬂ'i"S
$z1=2133
=z, =2"3¢"" =213 (-1/2+i/3/2)
= 7, = 21313 = Q13 12713 — pU3(_1/2_\[3/2)
) 22 +4=0>z=+i/4
=>2,=2i
=25 =2
(3) z-1=0=7z, =1
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3.5 Complex logarithms complex powers

w=ILnz=>z=e"

= 7,2, =€"e" ="

= Ln(z,z,)=w,+w,=Lnz, + Lnz,
® note:
argz=0+2nr=>z=re
= Lnz =Inr+i(0+2nz)  multivalued

—m<@<a=Inz=1Inz single valued

[(8+2nrx)

Inz is the principal value of Lz

EX: [n(=i)= La[e' """ = i(—x | 2+ 2n7)
= In(—i)=—iz/2

Ex: z=i"

an =2iln = Eb’z —7= E—lif_ni
Lni = M[Eimx’hlmﬁ]:f(ﬁfz_'_ Zﬂﬂ')

— 7= I--Zi i B-Zi-i{ﬁf2+2mr} = EE+4H”’ iS I'Eﬂl
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3.6 Applications to differentiation and integration

Ex: Find the derivative with respect to y of e’* cosdx

set z=e"*(cosdx +isindx)=e’"e'** ="

dz/dx =(3+4i)e> """ =(3+4i)e’  (cosdx +isindx)
= Re(dz/dx)= (3cosdx —4dsindx)e’ =d (e’ cosdx)/dx
Ex: Evaluate the integral j = I e™ cosbxdx

I e™ (cosbx +isinbx)dx = Ie”e”’ *dx = Ie‘“"”" “olx

E{aﬂ"ﬁ]x (ﬂ - Eb)efaﬁﬁ}x
= : 4+ = > > +C
a+ib a +b
eax
= ———lacosbx+bsinbx +c, +i(asinbx —bcosbx)+c,|
a” +b
. EHI
= | e* coshbxdx =—; e (acosbx +bsinbx)+c,
: a’+

iy

—(asinbx —bcosbx)+c,

= | e™ sinbxdx = z
. a”+b




3.7 Hyperbolic functions

® definition:

1
coshx = E(e‘ +e™)

sechx = L _ 2

coshx e"+e™*

Figure 3.11 Graphs of coshx and sechx.

4 cosech x

Figure 3.12 Graphs of sinh x and cosechx.



sinhx e"—e™"
tanh x = =—07
coshx e +e
1 e’ +e ™" -
cothx = =—— L
tanhx e —e
coth x

Figure 3.13 Graphs of tanh x and cothx.

® hyperbolic-trigonometric analogies

using cosz=(e“+e™*)/2 sinz=(e“—e™)/2 for z=ix

cosix=(e" +e")/2=coshx
sinix =i(e* —e ")/2=isinhx
coshx =(e” +e™)/2=cosx

sinhx =(e” —e™)/2=isinx
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® jidentities of hyperbolic functions

cosh’ x —sinh’* x =1
sech’x =1—tanh” x
cosech’x =coth® x -1
sinh2x = 2sinh x coshx

cosh2x = cosh® x +sinh® x

® solving hyperbolic equations

Ex: Solve the hyperbolic equation ¢oshy —5sinhx—5=0
= (e +e ")/2-5("—e")/2-5=0
=>—2¢" +3e¢ " -5=10
y=e" =>e =1/y=>-2y+3/y-5=0
=2y*+5y-3=0=>2y-1D(y+3)=0

()2y—-1=0=>y=1/2=¢" = x=In(1/2)=-In2

2)y+3=0=>y=-3=¢"

= x=In(-3)=In(*x3)=1In3+2Ine”™* =In3+irxr



® inverse of hyperbolic functions

Ex: Find a closed-form expression for the inverse
hyperbolic function (1)y = cosh™ x

(2) y=sinh’x (3) y=tanh™x

1
( )y =cosh™ x = x =coshy

= ¢’ =coshy +sinhy=cnshy+\/cnsh3y—1

=x+vJxi-1

=y =cosh™ x =In(vx*-1+x)

Figure 3.14 Graphs of cosh™ x and sech™'x.



2 cosech™' x
{)y=sinh‘1.r:>x=sinhy :

=¥ =cushy+sinhy=\[l+sinhzy +sinhy

=vx’+1+x
=|y =sinh™ x = In(\1+ x* + x)

Figure 315 Graphs of sinh™' x and cosech™'x.

(3) . 5| _ |
y=tanh™ x = x =tanh y | }
e’ —e™”’ af ™ g
>x=——->@x+De” =(1-x)e’ | ety
e +e 23 ...1 T T x
=>gz-}' =.1Lr‘=>el' - ﬂ coth™'x \ _2}
1-x 1-x
1+ 1+x -
i
= Ine’ =y=tanh*1.r=ln( )_—ln(—)
1-x 2 -X Figure .16 Graphs of tanh™ x and coth™ x,




® calculus of hyperbolic functions

icﬂsh.‘r =sinhx iseckx = —sechx tanh x
dx dx

isinhx = coshx icﬂsechx = —cosechx cothx
dx dx

d d

—tanh x =sech’x  —cothx =—cosech’x

dx dx

i (cosh™ i) = 1 for x*>a’

dx a xz ....ﬂ?'

4 (sinh™ %)= !

dx x*+a’

—(t:mh'1 —~} = B for x*<a

dx a* =x

—(cuth" 2 z—a for x*>a

dx a x’-a




