18.1 Contour Integrals

® DEFINITION 18.1 @ - |
— Contour Integral E

Let /' be defined at points of a smooth curve C given
by z=x()+iy(t),a<t=<b. The contour integral
of falong C is

[ fdz= 1im 3 fzDAz,

Az, l—>0 “=
! @),
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® THEOREM18.1 @ : )
_Evaluatlon of a Contour Integral

If f1s continuous on a smooth curve C given by
z(t)=x(t)+iy(t),a<t <b , then

Icf(z) dz = ij(z(t))z'(t) dt

(3)

J
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Example 1

:
Evaluate jczdz

where Cis given by x =3t,y =1>,—1 <t < 4.
Solution

z(t) =3t +it?, 7'(t) = 3 + 2it
f(z()) =3t +it" =3t —it*
. 4
Thus, |zdz=| (3t —ir*)(3+2ir)di

4 3 (% n 2 :
= |2 +90)d1 +i| 3i’dr =195+ 65
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Example 2

Evaluate ﬁ‘) —dz
g

where Cisthe circlex =cost,y=sint,0<t< 2.
Solution

z(t) =cost +isint =€, 7'(t) =ie"

1
f@)=—=¢™"
L
1 2% it it .
Thus, dz =I e le dt=2m
c< J
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® THEOREM18.2 @ :
_Propertles of Contour Integrals )

Suppose f and g are continuous in a domain D and C
1s a smooth curve lying entirely in D. Then:

() | kf(z)dz=k| f(z)dz, kaconstant
(i) | Lf (D) +g@ldz= | f(z)dz+] g(2) dz

i) [/ (2) dz= | f(2) dz+ |, f(2)dzwhere Cis the
union of the smooth curve C, and C..

(iv) I_Cf (z) dz = —Lf (z) dz, where —C denotes the
\_ curve having the opposite orientation of C. -/
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Example 3

Evaluate Ic(xz +iy*)dz
where C 1s the contour in Fig 18.1.

Solution Y

Fig 18.1 1 420
&)
1 +1
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Example 3 (2)

We have
J.c (Jc2 + iyz)dz = IC] (x2 + iyz)dz +- IC2 (Jc2 + iyz)dz

Since C, is defined by y = x, then z(x) =x + ix, z’(x) = 1
+ 1, flz(x)) = x* + ix?, and

J,. (& +iy*)dz = [ +ix®)(1+ iy

=(1+i)2j;x2dx=§i
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Example 3 (3)

The curve C, i1sdefined by x = 1, | £y <2. Then z(y)
=1+1iy,2(y) =i, fz(y)) = 1 + iy%. Thus

3 g , B
LZ (x” +1iy )dz-—j1 (1+iy”)idy

=—J;2y2dy+ifdy=—%+i

Finally, | (x* +iy*)dz = i + (—; +i) = —;+§i
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® THEOREM18.3 @ .
_A Bounding Theorem

for all z on C, then
of C.
&

If fis continuous on a smooth curve C and if |f(z) < M
[ £ z)dz:‘ < ML, where L is the length

N

J

* This theorem 1s sometimes called the ML-inequality
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Example 4

Find an upper bound for the absolute value of
<

(ﬁc z€+1 4

where C is the circle Izl = 4.

Solution
Since Iz +11 > |zl — 1 = 3, then

z* < Vel zlezl 5
z+1 1z1-1 3 ()
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Example 4 (2)

In addition, le?l = ¢*, with 1z| = 4, we have the
maximum value of x 1s 4. Thus (5) becomes

Z 4
e e

<
z+1 3

Hence from Theorem 18.3,

£

§>e dz Sgﬂe
Cr+1 3
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18.2 Cauchy-Goursat Theorem

=& L s " ':F,_I'lI

“* Cauchy’s Theorem
Suppose that a function f1s analytic in a simply
connected domain D and that f” 1s continuous in D.
Then for every simple closed contour C in D,

$ f(2)dz=0

This proof 1s based on the result of Green’s Theorem.

$ f(2)dz
= vjlbcu(x, y)dx—v(x,y)dy +i§%v(x, y)dx+u(x, y) dy

ov 0 of(ou O
=”(—a—;—a;j dAH-g[@i _8;] dA (1)
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“* Now since fis analytic, the Cauchy-Riemann
equations imply the integral in (1) 1s 1identical zero.

® THEOREM 184 @ 2
_Cauchy-Goursat Theorem

Suppose a function fis a analytic in a simply connected
domain D. Then for every simple closed C in D,

ffﬁcf(z) dz=0

NG
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+* Since the interior of a simple closed contour is a
simply connected domain, the Cauchy-Goursat
Theorem can be stated as

If fis analytic at all points within and on a simple
closed contour C,

$.f(2)dz=0 2)
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Example 1

Evaluate 356 e‘dz

where C 1s shown 1n Fig 18.9.

Solution
The function e< 1s entire and C 1s a simple closed
contour. Thus the integral 1s zero.
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Example 2

Evaluate @

C 57
where C is the ellipse (x —2)* + (y —5)%/4 = 1.
Solution

We find that 1/z2 is analytic except at z =0 and z = 0 is
not a point interior to or on C. Thus the integral 1s zero.
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Cauchy-Goursat Theorem for Multiply Connected
Domains

“*Fig 18.11(a) shows that C, surrounds the “hole” in
the domain and 1s interior to C.

()
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“* Suppose also that fis analytic on each contour and at
each point interior to C but exterior to C;. When we
introduce the cut AB shown in Fig 18.11(b), the
region bounded by the curves 1s simply connected.
Thus from (2)

$.f(@)dz+9 f(2)dz=0

and

/(@) dz=¢ f(2)dz )
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Fig 18.11 (b)
A '

(b)
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Example 4

Evaluate § 97

S8 i
where C 1s the outer contour in Fig 18.12.
Solution
From (3), we choose the simpler circular contour C,. 1z —
il = 1 1n the figure. Thus x =cosf, y=1+sinf, 0 <<
2rorz=1+ €%, 0<tr<2m Then

ﬁ‘j_zl dz = {)];dz IME dt =i 7 dt = 27
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Fig 18.12




* The result in Example 4 can be generalized. We can
show that 1f z, 1s any constant complex number
interior to any simple closed contour C, then

dz 2y n=]1
i“ n : (4)
(2—2) 0, naninteger #1
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Example 5

Evaluate 252 +7 dz
C*4+27-3
where C 1s the circle |z — 2| = 2.
Solution
5z+7 3 2
2 ~ T
z°+2z-3 z-1 2z+3
and so
5z+7 dz dz
dz=3¢ —+29 ——
£z2+2z—3 Cz-1 Cz+3 (5)
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Example 5 (2)

Since z = 1 is interior to C and z = —3 is exterior to C,
we have

5z+7 . :
dz =312xi)+2(0) =671
£22+2Z_3 (27i) +2(0)
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Fig 18.13

“*See Fig 18.13. We can show that

$.f(@dz=¢ f(2)dz+$ f(2)dz

D
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® THEOREM185 @
_Cauchy-Goursat Theorem for )

Multiply Connected Domain
Suppose C, C,, ..., C are simple closed curves with a

positive orientation such that C,, C,, ..., C, are interior
to C but the regions interior to each C,, k=1, 2, ..., n,
have no points in common. If fis analytic on each
contour and at each point interior to C but exterior to all
the C, k=1,2, ..., n, then

% b @z=2 % f(2)ds ©®
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Example 6

dz

Evaluate :
+1

Cz
where C 1is the circle Izl = 3.

Solution
1 1/2i B 1/2i

22+1 z—i z+i

dz 1 1 1
f) 2 1 e L |dz
Czo+1 2i *Clz—-i z+1
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Example 6 (2)

We now surround the points z =i and z = —i by circular
contours C, and C,. See Fig 18.14, we have

dz
tﬁ‘zzﬂ

1 1 1 1 1
= | - |dz+9 | — - |d
2i CiL—i z+z] ¢ é&[z-f Z+J )
1

| dz 1 dz 1 dz
ﬁ.) ’ i:.2722'.—3 2i'|.(72z+i

C2idoz—i 2idazai 20

.. dz . . dz . .

Since —i =2, —1=27m
Ciz—1 G741

thus (7) becomes zero.
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18.3 Independence of Path

independence of the Path

Let z, and z, be points in a domain D. A contour

integral i,f (z) dz is said to be independent of the path

if its value 1s the same for all contours C in D with an
_1nitial point z, and a terminal point z;.

J

“*See Fig 18.19.
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Fig 18.19
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“*Note that C and C, form a closed contour. If fis
analytic in D then

Icf(Z) dz + I—C]_ flz)dz =0 (2)
Thus

_[Cf(z) dz:.[_qf(Z) dz (3)
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